Introduction.
Let K = C -(-°°, 0]. Let h be subharmonic in K and put m(r) = infi i h(z), M(r) = supi i _r h(z), when 0 < r < oo. We also let h(-r) = lim _ h(z), when 0 < r < °o. Using this notation, Essen's [3] generalization of the Ahlfors-Heins Theorem may be stated as follows:
Theorem A. Let o be a number in the interval (0, 1) and let h (é -°°) be a function subharmonic in K that satisfies (i) h(-r) < cos no h(r), 0 < r < °°.
Then either lim r~ M(r) = <*> or both (a) and (b) hold:
(a) There exists a number ß such that
(ii) lim r~ah(rei?) = ß cos oO, \6\ < n, r -* oo except when el belongs to a set of capacity zero.
(b) Given dQ, 0 < dn < n, there exists an r-set AQ of finite logarithmic measure such that (ii) holds uniformly in [_z; \d\ < ön] when r is restricted to lie outside Of Aq.
. a _ Let h be subharmonic in K and 0 < o < 1. Then if h(re' )/r possesses a limit in the sense of (a) and (b), we shall denote this limit by "lim" h(re' )/r .
The author [7] has considered a condition of type (i) in certain regions 0. In fact for Q = K, he proved Theorem B. Let 0 < o< 1. Let h be subharmonic in K and suppose that (iii) h(-r) < cos no M(r) , 0 < r < °o, (iv) h(-r) < oo, 0 < r < oo .
Then either h < 0 or lim Wj)//* exists as a strictly positive or infinite limit.
In this paper we shall use Theorem A and Theorem B to prove the following theorem. We remark that there is an essential difference in Theorem 1 between the two cases 0 < À < Vi and lA<X< 1. Indeed, suppose that u satisfies the hypotheses of Theorem 1 except for (v). Then if A < X < 1 it follows from the proof of Theorem 1 that "lim" u(rel )/rx-a cos X6, \8\ < n, although in this case a may be zero. However, if 0 < X < lA, then "lim" u(rel )/rA need not exist (see Lewis 
L7, §7]).
We shall also derive Theorem A for 0 < X < A from Theorem 1 (see §8).
2. Proof of Theorem 1 for A < À < 1. Let A < X < 1 and suppose that u satisfies the hypotheses of Theorem 1. In this case we note that u(-r) < cos nX M(r) < cos nX u(r) for 0 < r < oo, since cos nX < 0. Therefore we may apply Essen's Theorem. By ■ ft this theorem we have "lim" u(rel )/r*= ß cos X6, where -oo < ß < oo. We shall show in fact that
Since by (vi) and Theorem B, 0 < a < oo, the proof of Theorem 1 for %< X < 1 will then be complete. We shall want the following lemma. 
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Here C is a positive constant to be determined, and zA denotes the analytic Ath power of z in K for which 1 =1. It follows from (iii) and (2.2) that if C is large enough, then hrn^^ s(z) < 0, t £ (-oo, + 00).
Let / = i Im z > 0\ and note that s|j satisfies the hypotheses of the PhragmenLindelöf Theorem (see Heins [5, p. 111] ). Then by this theorem and (vi), we have s\j < 0. Applying the same argument in the lower half plane, we obtain s < 0.
This inequality implies that a < ß + e. Since ß + 2f < a, we have reached a contradiction. Therefore, 0 < a< ß = ß. Since clearly ß < a, it follows that ß = a.
3. Proof of Theorem 1 for 0 < A < A. Let 0 < X < A¿. In this case since cos 77À > 0, we see that (iii) is a weaker restriction on u than (i) of Theorem A.
Therefore, we may not apply Essen's Theorem. However, an important part of the proof still follows from Essen's work (see §7).
We shall want the following lemma. To prove (4.4), we apply the Phragmen-Lindelöf Theorem to (v -w)\K. Since M(r, v -w) = O'r x) as r -► oo, we obtain that v < w.
To prove (4.3), we observe that v = w on (-°», 0]. Since v is subharmonic in C and v < w, it follows upon examining circumferential means that w is subharmonic at each point of (-oo, 0]. Since w is also harmonic in K, we conclude that (4.3) is true. 
